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DYNAMIC FACTOR MODELS WITH STOCHASTIC VOLATILITY

WILLIAM J. MCCAUSLAND

ABSTRACT. I introduce posterior simulation methods for a dynamic latent factor model
featuring both mean and variance factors. The cross-sectional dimension may be large,
so the methods are applicable to data-rich environments. 1 apply the new methods in
two empirical applications. The first involves a panel of 134 real activity and financial
indicators observed monthly from 1959 to 2015; the second, a panel of 10 currencies, with

daily log returns observed over a decade.

1. INTRODUCTION

Since their introduction by Geweke (1977), dynamic factor models have become important
tools for the analysis of macroeconomic and financial data. A great deal of the data variation
in large macroeconomic panels can be accounted for by a small number of factors. The data
reduction that factor structure allows is a huge computational advantage for forecasting.
Dynamic factor models are commonly used in data-rich environments, where the number of
observed series (which we denote N) is in the order of one hundred or more. The number of
observation periods (7') is usually not large, as data are collected at monthly or quarterly
frequency, and the availability of data prior to 1960 is very limited. See surveys on dynamic
factor models by Bai and Ng (2008) and Stock and Watson (2011).

Dynamic factor models have also been applied in multivariate stochastic volatility models
for asset returns. Here, N is usually much smaller and 7" much larger. See for example,
Aguilar and West (2000), Chib, Omori, and Asai (2009) and Nakajima and West (2013).

Many dynamic factor models used in macroeconomics feature constant variances. How-
ever, measures of real activity, such as production and employment, are known to vary
more in some periods than in others: the Great Moderation, for example, was a period

of relative tranquility for many such measures. Macroeconomic panels often feature asset
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2 WILLIAM J. MCCAUSLAND

prices, exchange rates and commodity prices; these financial indicators are also relevant for
macroeconomic forecasting and exhibit even greater fluctuations in volatility.

Bayesian methods for inference in dynamic factor models have many advantages. Com-
puting posterior moments of parameters and unobserved factors is an exercise in numerical
integration, and as such it is often more stable than maximizing an objective function such
as a likelihood. Posterior simulation only requires a joint density function for all observable
and unobservable quantities, including data, latent variables and parameter values; com-
putation of a likelihood function is unnecessary. This facilitates analysis in non-linear and
non-Gaussian models. Bayesian methods allow for a formal probabilistic specification of a
priori information, such as theoretical restrictions, or regularization priors. Bayesian meth-
ods naturally accommodate a flexible approach to parsimony: discipline can be achieved
either with a small number of parameters, or by imposing tight prior distributions on a
larger number of parameters.

The purpose of this paper is to develop posterior simulation methods for a dynamic
factor model with stochastic volatility, suitable for data-rich macroeconomic applications.
In this model, both the mean and the variance of the observed series have a factor structure.
Since the focus of this paper is the variance factor model, we use a relatively simple mean
factor model. Mean factors follow a Gaussian first order vector autoregressive process and
the factor loadings are all contemporaneous. Factor variances and factor loadings do not
vary in time, which implies that conditional correlations between the common parts of the
observed series do not vary in time either. With the exception of constant factor loadings,
all of these restrictive assumptions could be relaxed without too much trouble. However, it
would be more difficult to introduce time-varying factor loadings in data-rich environments
due to the explosion in the number of latent variables.

The variance factor model captures fluctuating variance of the idiosyncratic term of
the various observed series. In previous studies, such as Del Negro and Otrok (2008),
the idiosyncratic variance of each series evolves independently according to a univariate
stochastic volatility model. Posterior simulation for such a model would be a considerable
computational burden in a data-rich environment. At the same time, we would expect some
common variation in the various idiosyncratic variances. I use a factor model to capture

this common variation using a small number of factors.
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In order to work well with large panels, simulation methods need to be computationally
efficient. The cost of an MCMC draw should not rise very quickly in N. Gibbs sampling
effectively decouples the computation associated with the mean and variance factor models.
The computational cost of updating the mean factors and their parameters in linear in N.
The same is true of the variance factors and their parameters.

Once we condition on variance factors and their parameters, we are left with a linear
Gaussian state space model, and we can decompose the joint Gaussian distribution of
mean factors and observed series into the conditional distribution of factors given series
and the marginal distribution of the observed series, both Gaussian. The first gives us
the conditional posterior distribution of factors, We can use the second to evaluate the
conditional likelihood with factors integrated out; this allows us to update the conditional
posterior of the factors’ autoregressive coefficients marginally of factors.

Usually this decomposition is done by applying the Kalman filter, together with one
of the simulation smoothing procedures proposed by Carter and Kohn (1994), Frithwirth-
Schnatter (1994), de Jong and Shephard (1995) and Durbin and Koopman (2002). See, for
example, Kim and Nelson (2000). However, the Kalman filter is computationally costly for
data rich environments, due to the need to solve a system of N equations for each of T obser-
vations. An alternative is to compute the block band precision (inverse of variance) matrix
of the conditional distribution of the factors. From there, it is easy to compute its Cholesky
factor, also a block band matrix, draw factors from their conditional posterior distribution
using forward- and back-substitution, and evaluate the conditional posterior density of the
autoregressive coefficients with factors integrated out. All of this is accomplished using
standard operations for matrices with block band structure. Methods involving block band
matrix (or more general sparse matrix) operations have been discussed and applied in Chan
and Jeliazkov (2009), McCausland, Miller, and Pelletier (2011) and Rue (2001). McCaus-
land, Miller, and Pelletier (2011) gives a detailed comparison of computational costs for the
Kalman filter and for block band matrix operations.

The block band matrix operations allow for computationally efficient joint draws of mean
factors and their autoregressive coefficient matrices from their conditional posterior distri-
bution. This computational efficiency does not rely on, or even benefit from, the condi-

tional conjugacy of Gaussian priors for the autoregressive coefficient matrices. Thus free to
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choose non-conjugate priors, I normalize the distribution of means factors by setting the
unconditional—rather than the conditional—variance of the factors to a constant. The ad-
vantages here are reducing the posterior dependence between the autoregressive coefficient
matrix and the mean factor loading matrix.

Given the mean factors and their parameters, the variance factor model is multivariate
state space model with Gaussian latent states and non-linear non-Gaussian observations.
We apply the HESSIAN method described in McCausland (2012) to draw the variance fac-
tors, one entire univariate factor series at a time. This method is based on a very close
approximation of the conditional posterior distribution of the latent factor in univariate
state space models with Gaussian latent states and non-linear non-Gaussian observations.
I use such an approximation as a proposal distribution for each variance factors series. The
method can be applied one factor series at a time: once one conditions on all other factor
series, the k’'th factor series is the unknown state of a univariate state-space model with
Gaussian latent states and non-linear non-Gaussian observations. This is true whether or
not the variance factor series are a priori mutually independent. I do not impose such
independence; while the rotation I use to identify factors gives a time-t marginal distribu-
tion with cross-sectionally independent factors, there remains dynamic dependence across
factors.

Section 2 describes the model for observables, discusses my identification strategy and
specifies a prior distribution, up to the selection of its various hyper-parameters. Sections 3
and 4 describe Bayesian computation for the mean and variance factor models, respectively.
Section 5 reports the results of an artificial data exercise and two empirical applications.
The “Getting it Right” exercise, based on Geweke (2004), verifies the correctness of the
algorithms used and their implementation in code. The first empirical application involves
a panel of 134 real activity and financial indicators observed monthly from 1959 to 2015;
the second, a panel of 10 currencies, with daily log returns observed over a decade. Section

6 concludes.

2. A FACTOR MODEL WITH MEAN AND VARIANCE FACTORS

2.1. The model. We observe y;, an N x 1 vector of dependent variables and x;, a J x 1
vector of independent variables, at times t = 1,...,7T. The model for the dynamics of

features two latent dynamic factors, a mean factor F,; of length K, and a variance factor
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F,¢ of length K,. Given the latent factors, y; evolves according to

(1) ye = i + [diag(07)]" %€y,

where the conditional mean vector u; has the factor structure

(2) pe = Ny Fup + By,

and the conditional variance vector o2 has the exponential factor structure
(3) 02 = exp(Ag Fyt + Byxy).

Here, A, and A, are factor loading matrices, ¢; ~ iid N(0, I), and the exponential function

is applied elementwise. The latent factor series F),; and F,; are first order Gaussian vector

autoregressions:
(4) F;At = (I)uFu,t—l + Upt,
(5) Fyy = CI)UFa,t—l + Uot,

where wu,; ~ 1idN(0,%,) and usy ~ iidN(0,%,). The €, uy and ugs; are mutually inde-
pendent. The same vector x; of exogenous observed variables appears in both the mean
factor (2) and variance factor (3) equations; one can always impose exclusion restrictions.
In data-rich environments, N is much larger than K, and K,. To simplify notation, let
Fy=(Fl,.. Flp)", Fo = (FL  F )Ty = (wly0) s 0 = (B, Ay, @),
0s = (Bs, Ay, ®5) and 0 = (0,,05).

2.2. Identification. The lack of identification in factor models is well known; there are
rotation, permutation, scale and sign transformations of factors and their parameters that
leave the distribution of ¥ unchanged. Here I describe my identification strategy.

Two popular normalizations of ¥, are ¥, = I and X, = I — CI’H<I>E, which set the condi-
tional and unconditional variances of F),;, respectively, to I. The corresponding restrictions
on &, require that the eigenvalues of ®, and (I>u<I>;, respectively, lie in the unit circle.

The X, =1 — <I>“<I>I normalization is commonly used in principal components analyses.

The X, = I normalization is more often used in Bayesian analyses, largely because a
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Gaussian prior distribution for ®, is nearly conjugate for the conditional distribution of F},
given ®,,, and exactly conjugate if one conditions on a pre-sample F}, o.

Although my analysis is Bayesian, I adopt the ¥, = I — <I>“<I>I normalization. It has
several advantages over the 3, = I normalization, and the advantages of the latter may be
overestimated.

Among the advantages are: (1) It is easy to compare results of a Bayesian analysis with
the static factors and loadings given by a principal components analysis. (2) It is easy to
decompose the variance of each y;; into common and idiosyncratic terms: Var|yy |0, z:] =
Zsz“l A?k + FE [afi|0,xt]; the first term is a particularly transparent expression that does
not involve ®, since the unconditional variance of F,; does not depend on ®,. (3) The
autoregression coefficient ®,, is more easily interpreted. It is an autocorrelation matrix, and
thus invariant to units of measurement. Symmetry of ®,, is necessary and sufficient for the
time reversibility of Fj,;; under the normalization ¥, = I, the time reversibility condition
is much less transparent. (4) Under the 3, = I normalization, the unconditional variance
of F,; is highly sensitive to ®, near the boundary of ®,, while under the ¥, = I — QD#QJI
normalization, it is constant. Thus, there is less posterior dependence between ®, and
the factor loadings A,, through the varying scale of factors and their loadings, and this
makes posterior simulation using Gibbs sampling more numerically efficient. (5) A principal
components analysis gives good initial values of factors and loadings, which shortens the
transient burn-in period the MCMC chain spends in regions of low posterior probability.

The principal advantage of the ¥, = I normalization is the approximate conditional
conjugacy of a Gaussian prior for ®,: such a prior makes the conditional posterior distri-
bution of ®, nearly Gaussian, so that a single draw from a Gaussian proposal is almost
as good as an exact conditional draw. Under the ¥, = I — <I>#<I>Z normalization, there
is no convenient conditionally conjugate prior distribution for ®,, Gaussian or otherwise.
However, the conditional density of F), given ®, depends on F), through a low dimensional
“sufficient statistic”, and once this statistic is computed, the conditional density can be
evaluated very cheaply for each new value of ®,,. In this way, a large number of repetitions
of a simple generic MCMC update, such as random-walk Metropolis or slice sampling, can
achieve almost the same numerical efficiency as an exact conditional draw, at a cost not

much larger than a single such update. See Appendix C for details.
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Under the ¥, = I normalization, the advantages of conjugacy are most completely
captured when the prior for ®,, is Gaussian, while under the ¥, = I — <I>H<I>Z normalization,
there is no particular advantage in using a Gaussian prior. Thus, any advantages of a
non-Gaussian prior come at no additional cost. Section 2.3 below describes a prior that is
more flexible than a Gaussian one, especially for highly persistent factors, and incorporates
many, though not all, of the necessary conditions on ®,, for stationarity, before truncation.

I use exactly the same normalization for 3, and ®, and realize most of the same advan-
tages.

I restrict A, and A, to be row-permutations of lower triangular matrices with positive
diagonal elements. This normalization is slightly more general than the usual one, in which
factor loading matrices are lower triangular with positive diagonal elements. It affords more
flexibility on the choice of the factor founder! series, those observed series with exclusion
restrictions in the form of loadings set to zero. Since I can (and do) choose different
permutations of the observed series to identify A, and A,, this is substantive. Section A.2
describes how I determine the factor founders. Briefly, I choose them so that the factors
resemble the static factors obtained using principal components.

I will call the j’th mean factor founder the observed series ¢ for which the exclusion
restriction A, ;; = 0, k < j, and the sign restriction A,;; > 0 hold; I define the j’th

variance factor founder analogously.

2.3. Prior distributions. Here I describe prior distributions for the parameters of the
model, up to the values of various hyper-parameters. I assign numerical values of the
hyper-parameters in Section 5. I will assume that the first exogenous variable is a constant:
xyp = 1,t=1,...,T. Thus B, ;1 and B, ;; are the constant coefficients of the i’th mean
and variance equations, respectively.

The parameters have the conditional independence properties implied by the following

density decomposition:

f(e) = f(q)u)f(q)g)f(BH)f(Ba)f(Aa)f(Au‘Ba)'

I choose a prior for ®, (®,) that makes the K, (K,) latent factor series exchange-

able. At the same time, I want to treat diagonal elements, which are autocorrelations, and

11 believe the term “factor founder” is due to Carvalho, Chang, Lucas, Wang, and West (2008).
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off-diagonal elements, which are cross-correlations, differently, as well as ensure that the
eigenvalues of <I>M<I>; (®,®]) are in the unit circle.

I choose a truncated prior distribution for ®,, (®,). Truncation is to the stationary region,
where <I>M<I>/TL (®,®,)) has eigenvalues in the unit circle. In the pre-truncation distribution,
the elements of ®, (®,) are independent, diagonal elements are identically distributed and
off-diagonal elements are identically distributed. The pre-truncation distributions of the

elements of ®, and ®, are

Be(¢1, k=1, Bo(ds, Bl
(Bt +1)/2 ~ e(¢1, ¢2) (@op +1)/2~ e(¢s, dg)

Be(¢s, ¢4) k #1L. Be(¢7, ¢3) k # 1.

Here, Be denotes the Beta distribution. This distribution allows much more flexibility
than the Gaussian distribution for the behaviour of the prior of diagonal elements near
one. According to the value of ¢9, for example, the density of ®, 1 at one can be zero
(¢2 > 1), finite (¢ > 1), or infinite ¢o < 1; setting ¢o > k makes the k — 1’th derivative of
the density at one equal to zero. Another advantage is that the restricted support of the
Beta distribution incorporates necessary conditions for stationarity, reducing the impact of
truncation.

The parameters B,, and B, have rows that each relate to a specific observed series.
These series may be very different types of variables, with different scales and units of
measurement, and their priors should reflect this. Suppose, for example, that series ¢ is
an asset return series, which might be measured either as a difference of log prices or
as a percentage. The value of B, ; associated with the latter will be 100 times larger
than the value of B, ; associated with the former; the constant coefficient B, ;; should
be larger by 2In100. I choose priors for B, and B, where their rows are independent
and have Gaussian distributions that are not necessarily identical. For the purpose of the
computational sections of this paper, we will specify the prior distributions of B, ; and B,

in terms of the precision H,; and covector ¢, ;, rather than the mean and variance. Thus,

Bui~N(Hp! e, Hy! ), Boi~N(Hg! ep, Hg. ).

, 4 o,
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In the Getting it Right and Bank of Canada currency panel applications, each B, ; has
mean ¢g and standard deviation ¢19, so that H,; = (1/¢7y)] and ¢p, , = (¢9/¢1y)t, where
¢ is a J-vector of ones. In the FRED-MD panel application,

The elements of A, are dimensionless, and so despite the fact that each pertains to a
specific series, I choose a prior that does not distinguish among series, except to accom-
modate the exclusion and sign restrictions serving to identify A,. A, has the distribution
of a N x K, matrix whose elements are iid N(0, ¢3,), right-multiplied by the orthogonal

2

matrix that makes A, satisfy the identification restrictions.” Here, ¢14 is a prior scale

hyperparameter. Thus, elements of A, are independent, with

0 i is a variance factor founder before the j’th,

Ao
ﬁ ~ 3 x(K,—j+1) iisthe jth variance factor founder,

N(0,1) otherwise,

where y(v) denotes the chi (sic; not chi-squared) distribution with v degrees of freedom.
Note that for each row i, with or without exclusion restrictions, ¢, ZkK:"I Ag,ik ~ x*3(K,),
where x?(v) denotes the chi-squared distribution with v degrees of freedom.

The elements of A, unlike those of A;, have the same units of measurement as the ob-
served series they relate to. I therefore scale the prior for each row A, ; by ¢13exp(By.i1/2),
where B, ;1 is the coefficient of the constant term of the variance equation for indicator ¢

and ¢13 is a prior scale hyper-parameter. Otherwise, the prior for A, is similar to that of

As. Elements of A, are conditionally independent given B, with

0 i is a mean factor founder before the j’th,
eXp(—Bg’il/Q)

b1 Apij|Bo ~ § x(K, —j+1) iis the j'th mean factor founder,

N(0,1) otherwise.

For each row i, with or without exclusion restrictions, the conditional distribution of

_ K, . .
15 exp(—Boi1) Yty Ai,ik given B, is x*(Kp).

2A draw of A, from its prior is obtained by permuting the rows of R', where QR is the QR decompostion

of a matrix of iid Gaussian variates.
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FiGURE 1. Overview of posterior simulation
(1) Set (A/(;Bfl)’B/(;Bfl)’(I)Lfol)yF/Efol)aA((;Bfl)jB((Tfol)’ G BD pl~B-1)
(Section A.3)
(2) For m=1,..., M, draw updates preserving the conditional posterior distributions
(a) Au|Bu, @, Fu, 05, Fy,x,y (Section 3.1)
(b) BulAy, @y, Fy, 00, Fyyx,y (3.2)
(¢) @, FulAy, By, 6o, Foyz,y (3.3)
(i) ®u|Au, By, o, Fy o,y
ii) Fu|Au, By, ®p, 65, Fo, x,
) |Ay, By, Fu, 00, Fy o,y (3.4
(e) 04, Flu, By, @, Fipy,y (4.1
(£) BolOu, Fyuy Mgy @y Fiy 0,y (4.2
g) o, F5lbu, Fuy Ay, By, y (4.3
(1) q)0'|9,u,7 F/JJ AU; B07 .’E, y
(11) Fa"e/.u F,LL? AO’) B(H (I)Ua .’L', y
(h) (I)Uw;u F,w Aoa Boa Foa €,y (3'4)

( y
(d) @, )
A, )
B, )
( )

3. BAYESIAN COMPUTATION, MEAN FACTOR MODEL

In this section and the next, I describe Markov chain Monte Carlo methods for posterior
simulation of parameters and factors. A single step of the Markov chain consists of eight
draws, updating the Gibbs blocks B,,, Ay, (@4, Fl), @, By, Ay, (P4, F,) and ®,. Each
update preserves the posterior distribution B, A, ®,, F),, By, Ay, @, Fy|y, although the
blocks (®,,, F,,) and (®,, F,;) are joint blocks consisting of marginal and conditional parts.
Figure 1 gives an overview and directs the reader to the appropriate sections describing the
updates. For notational simplicity, I assume that y; is observed for all ¢ and ¢; if any data
are missing, this can be easily accommodated, as described in Appendix A.1. Appendix
A.3 describes how the initial value of the MCMC chain is determined.

Gibbs sampling, a divide-and-conquer approach which breaks a simulation problem into
simpler problems, neatly decouples simulation for the mean and variance factor models.
Given variance factors and their parameters, the model reduces to a mean factor model
with known but time varying variances; given mean factors and their parameters, it reduces
to a variance factor model for the residual term of the mean factor model. An important
implication of this modularity is that the variance factor model, the central contribution
of this paper, can be paired with alternate mean factor models with no modification of the

code for the variance factor model.
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I discuss Bayesian computation in two separate sections. Here in Section 3, I describe
Gibbs blocks for the unknown quantities B, A,, ®, and F), of the mean factor model of
equations (2) and (4). In Section 4, I do the same for the unknown quantities B,, Ay, @,
and F, of the variance factor model, equations (3) and (5).

To focus attention on the mean factor model, I condition on oy, t = 1,...,T, and suppress
notation for this conditioning, for the rest of the section. The remainder of this section is

divided into four parts, where I discuss the Gibbs blocks B,,, A,, (®,, F),) and ®,,.

3.1. Drawing A,. In the conditional posterior distribution of A,, the rows A, ; are condi-
tionally independent. If 7 is not a mean factor founder, the prior for A, ; is Gaussian and
therefore conditionally conjugate. In this case, the conditional posterior distribution of A, ;

is N (FIX:Z-EAW’ .F_IX:I), where the posterior precision H A,.; and covector ¢, ; are given by

T
_ L
(6) Hy,,=H,,+ Y e “iF,Fl,
t=1

o
||
o

T
(7) C Z ytz u i$t)Fu,t-

Here H Api = (151_2 exp(—Bei1)] and ¢A,; = 0 are the prior precision and covector, with I
being the K, x K, identity matrix and 0, a K,-vector of zeros.

If 7 is a mean factor founder, say the j’th, the situation is a little more complicated.
The exclusion restriction A, ;; = 0, k > j, applies and the conditional posterior distribu-
tion of the non-zero elements of A, ; is not Gaussian, due to the non-conjugate x prior
distribution of A, ;;. I draw a Metropolis-Hastings proposal A

* -1 = -1 =
and (Awl, . 7Aw.j) ~ N(HAH,Z-CAW’ HAW')’ where the expressions for HAM and ¢y, , are

Mw1thA*lk—0fork>j
the same as above, except that the right hand side of (6) is replaced with its j x j lead-
ing submatrix and the right hand side of (7) is replaced with its j x 1 leading subvector.
The proposal is accepted with probability min[l,R(Aw,A ;)], where the Hastings ratio
R(Ayi, A7 i) is given by

AF |\ Br

R0 = ()
Apij

Then if AZi is accepted and A;‘j < 0, multiply the following quantities by minus one: the

j'th column of A; Fy;, t = 1,...,T; ®;;, and ®yj, k # j. This maps a value of (A, F, ®)



10

15

20

25

12 WILLIAM J. MCCAUSLAND

outside the sign-restricted region to an observationally equivalent value inside. With enough

data and well chosen factor founders, this mapping will be rarely be needed.

3.2. Drawing B,,. Drawing B, is very straightforward, as its Gaussian prior distribution is

conditionally conjugate. Its conditional posterior distribution is Gaussian, with independent

rows By, ; ~ N(HB,},IEB“,N Hgi ), where the posterior precision Hp, ; and covector cp, ; are

N

given by
(8) Hp,,=Hp,, + Z e*”tiwta?tT,
t=1
T
- _ o2

(9) CB,,i = CBy; + Z e 7h (yti - Au,iFM,t)mt‘

t=1
Here H B = ®3 2J and g, = (¢2/ #3)¢ are the prior precision and covector, and ¢ is a

J-vector of ones.

3.3. Drawing ®, and Fj,. I draw ®, and F}, jointly from their conditional posterior
distribution, taking advantage of the fact that the conditional posterior distribution of F},
is multivariate Gaussian, with a block band precision matrix. I first perform a sequence
of random walk Metropolis updates of columns of ®,,, preserving the conditional posterior
distribution ®,|A,, By, y—with F,, marginalized out. I then draw F), from its conditional
posterior distribution F,|®,,A,, By, y.

Computing the Hastings ratio for the random walk Metropolis updates requires evaluating
the density f(®,|A,, By, y), with F, integrated out. Usually, evaluating f(®,|A,, Bu,y)
and drawing F), from its conditional posterior distribution are done using the Kalman
filter. Instead, I adopt the approach outlined in McCausland, Miller, and Pelletier (2011),
which involves computing the block band Cholesky factor of the negative Hessian matrix
of log f(F,|®u, Ay, By, y). The computational advantages of this approach are outlined in
McCausland, Miller, and Pelletier (2011), and these are especially important in the case
where N is much greater than K,,. The Kalman filter requires solving a symmetric system
of N equations at each observation t. The sparse Hessian matrix approach—see also Chan
and Jeliazkov (2009) and Rue (2001)—requires solving a symmetric system of K, equations

at each observation.
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I use a sequence of random walk Metropolis steps to update ®,. I update each column
®,, » multiple times, using a proposal distribution @;k ~ N(®p 1, Q). WIM: what to say
about €27 The proposal @, constructed by replacing row k of ¢, with @;k is accepted
with probability

f(@;)f(y@;,Au,Bu,m)
, f(q)u)f(y‘q)uaA/u Buaw)

For two reasons, it is quite cheap to perform several repetitions of the ®), each time. First,

(10) min |1

while two evaluations of f(y|®,, A, By, Fj,, v)—numerator and denominator—are required
for the first iteration, each subsequent iteration involves only one evaluation. Second, for
each evaluation after the first, one can reuse computations depending only on A,. These
additional evaluations have a computational cost that does not depend on N. This means
that a large number of repetitions, enough to achieve the same numerical efficiency as an
exact conditional draw, can be performed at modest total cost.

Appendix B gives details on how to compute f(y|®,, A, By, z) and draw F,|®,, A, By, y.

3.4. Drawing ®,. In this block, I draw ®, from its conditional distribution given data
and all unknown quantities, including F),. The identification Var[F),;|®,] = I means that
the factor innovation variance is I — (I>u<I>;, a function of ®,. This means that the posterior
distribution of ®,, does not closely approximate a Gaussian distribution, as it does when
the factor innovation variance is constant. Fortunately, there is a low-dimensional sufficient
statistic—a function of F),—for ®,. This allows us to make a large number of extremely
cheap draws using random walk Metropolis steps. The overall result is a update of ®,, that
is nearly independent of the previous value, obtained at low total computational cost.

Appendix C gives details.

4. BAYESIAN COMPUTATION, VARIANCE FACTOR MODEL

This section discusses Bayesian computation for the variance factor model. To focus
attention on this part of the model, I condition on pi; = A, F},;+B,xs—and suppress notation
for this conditioning—for the rest of the section. I define §; = y; —u; and § = (j; , . . . ,g})?

Thus, 4; follows a pure variance factor model.
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We can write the conditional density of 3 as

T T
1
log f(9y|Ay, By, Fy, ) = ) NT10g27r+LTAJ E Fyy +."B, E Tt
t=1 t=1

T N
(11) + Z th% exp(_Aa,iFa,t - Bcr,ixt) )
t=1 i=1

where Ay ; and B, ; are the ¢’th rows of A and B.

4.1. Drawing A,. In the conditional posterior distribution of A, given F, and B,, rows
A, ; are conditionally independent. I update the A,; one at a time, using a Metropolis-
Hastings transition. I first evaluate the gradient and an approximation to the Hessian of
log f(9|As, Bo, Fi, ), both with respect to Ay;, at the current value of Ay;. I then use

these to construct a multivariate Gaussian proposal A(*” I then evaluate the same gradient

*
0,1

and approximate Hessian at A’ ., construct the appropriate Hastings ratio, and perform a
Metropolis-Hastings accept /reject.

I now provide some details on the computations. As with the mean factor loadings, the
situation is a little more complicated when ¢ is a factor founder, and so I begin with the
simpler case when ¢ is not a factor founder.

I compute the gradient and an approximation to the Hessian as follows. First, define v;
as what remains of log f(As;) +log f(§|As, Bs, Fir, z) after eliminating additive terms that

do not depend on A, ;:

T T
11(,_ -
(12) v = _5 ¢5 QAUJ'AI'J + Ad,i E Fa’,t + E th,L eXp(—AU’iFmt — Bg}il't)
t=1 t=1

The gradient and Hessian of v; with respect to A, ; are given by g; and ¥;:

T
ov; _ 1 -

(13) gi = BATZ = _¢5 2Alz’ - 5 Z Fa,t[l - yt21 eXP(—Aa,iFa,t - Bmixt)]

0'72' t_l

0?v; 1 <&
(14) U= o »aj\T = 520 — 3 > FouF, i exp(—AgiFpy — Boyizt)

o5t O—’i t=1
I compute g; and an approximation ¥; = —(¢5 2 1 T/2)I to ¥; which is much faster to

compute than ¥;. The approximation is based on the fact that the conditional expectation
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of each term in the sum (14), given ®, A and B—and not y—is one. Using the approxima-
tion may reduce numerical efficiency, but since the approximation is incorporated into the
Hastings ratio, the update still preserves the correct conditional posterior distribution.

[ draw A ;|A,; from the proposal distribution N(As,; — \ili_ Los, —\i/i_l), whose log density
has gradient g; and Hessian U,. Let q(-|As,i) denote the density of this distribution.

Next, I evaluate v; and g; at A} ; and denote these by v} and g;. Let g(:|A} ;) be the
density of the distribution N(A}; — Ulgr, —0h.

I accept A7,

)

as the new state with probability min[1, R(As, A ;)], where the Hastings

ratio R is given by:
q(AoilA7 ;)
9(A5;1Aei)

Now let’s turn to the case where i is a factor founder, say the j’th. I need to add the

R(Agi, Ag ;) = exp(vf — i)

term (K, — j)log Ay to v; to account for the scaled y distribution of A, ;; and the term
(Ko —j)/Asyij to the j'th element of g;. Then, with A} ; and g; interpreted as their leading
7 x 1 subvectors and U, as its leading j x j submatrix, we proceed as before to obtain a
draw A7 ; and accept or reject.

Then if Ay ; is accepted and A;ij < 0, I multiply the following quantities by minus one:
the j'th column of A; Foyj, t = 1,...,T, ®, j; and @5 j, k # j. As before, this maps a
value of (Ay, F,, ®,) outside the truncation region to an observationally equivalent value
inside.

In practice, it is helpful to limit the size of the proposal step when the term —\i';l Gi
is very large. The acceptance probability in these cases may be so small that the MCMC
chain gets stuck. The term is often very large during the initial burn-in period, when the
distribution of the MCMC chain is far from its invariant distribution. Let \i/, = LLT be the
Cholesky decomposition of ¥;. When the Euclidean length of L™ 1g; is greater than 2K,
I replace W; 'g; with (2K/|| L~ g;]|)¥;  g; (and similarly with L='g} to preserve detailed

balance).

4.2. Drawing B,. [ update B, in a similar way as I do A,. In the conditional posterior
distribution of B,, rows B, ; are independent and I draw them one at a time. Mechanically,
the procedure is the same as for A,; only the expressions for the value, gradient and Hessian

of the log posterior density differ.
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Up to an additive term not depending on B, ;, the log conditional posterior density of

Ba,i is

1 _ 1 _
v; = —§[Bcr,z‘HBa,iBIz- = 2B5itB,] = 5[KuBai1 + ¢ % exp(—Bo,i1) Ayl ]

T T
1 -
- 5 Ba,i tz_; Tt + ; yt2@ exp<_AU,iFU,t - Ba,ixt)

The first term comes from f(B,), the second from f(A,|B) and the third from f(7|As, By, Fy).

The gradient and Hessian of v; with respect to B, ; are given by g; and V;:

T
ov; _ _ 1 -
gi = a'ﬁ = —Hp, B, +¢p,, — 3 Zﬂct[l — Jiiexp(—AgiFoy — Bo,ixt)]]
0,1 t=1
= K, — 672 exp(— By i) A, AT etV
2 H 2 p 0-77/1 1221 Ly 1
0%v; _ 1 [ -
=35 35T -E;BT =—Hp,, — 5 Z:L‘tx;ryfz exp(—AgiFst — Boixy)
g, O',i t=1

1 _ 1
+ §¢2 2 eXp(_Bﬂ,il)AmiA;iE&)v

where eV is a K,-vector whose only non-zero element is egl) =1and EW is a K, x K,
matrix whose only non-zero element is Eﬁl) =1.

Here I use ¥, = —Hp . — %ZtTZI :cta:;r as an approximation to the Hessian matrix.

o,

5 4.3. Drawing ®, and F,. I update the k’th row ®,; of ®, and the k’th variance factor
series Fi ), = (Fyik, - .., Fo k), jointly, one k at a time. The proposal (CID(’;,k, ;‘k) consists
of a random walk proposal <I>(";7 g~ N(®q, ) followed by a conditional proposal of Fry
given @:’k. The joint proposal (@;,k, F:k) is accepted or rejected as a unit. The proposal
density ¢(F ;‘k]@;k) is a very close approximation of the conditional posterior density of

10 Fyp given (I):;,k and the current values of all other quantities, including the other factor
series. I construct it according to the HESSTAN method described in McCausland (2012).

The HESSTAN method is a generic method for building an approximation of the con-
ditional posterior distribution of states in state space models where states are univariate
and Gaussian, but observations can be non-Gaussian, non-linear and multivariate. I can

15 apply it here because each factor series, together with ¢, becomes such a state space model

when we condition on all the other factor series. What this means, more precisely, is that
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the Hessian matrix of In f(F, x|F_x, 7, A, B, ®)—where F_j, denotes all factors except the
k’th—is tri-diagonal and the diagonal elements do not depend on 3.
To apply the HESSIAN method, I need to supply inputs specifying the conditional Gauss-
ian factor distribution Fy j|F_j, ® and the measurement distribution g|F, A, B. To specify
5 the factor distribution, I need to provide its tridiagonal precision matrix Hjy and its cov-
ector ci. To specify the measurement distribution g|F, A, B, I need to supply (routines to
perform) multiple derivatives of log f(9:|F, A, B) with respect to Fy, for t =1,...,7. We
spend the rest of this Section 4.3 doing both.
First, we find the precision and covector of the conditional factor distribution Fy ;| F_j, ®.
10 The conditional distribution of F' given ® is Gaussian, with mean zero and block band

precision

I —o' I I
I - I—®d" —-d I

as
11

—oT
I I—3pT - T

The derivation of this is very similar to the derivation in Appendix B. The matrix H has

T x T blocks, each of dimension K x K. The non-zero blocks are
Hy=1+d"I-®d") "o, H,, =1 —-30")" !

Hy=(I-d0") ' +o"(I-00")'®, t=2...n-1,
15

Hy; 1 =—-(T-00") o, t=2... n.

Now I specify the conditional distribution Fy i|F_y, ® ~ N(H, Yo, H & 1). The non-zero

elements of the T' x T' conditional precision matrix Hy and the T' x 1 covector ¢j are

Hy1 = (Hi)kk, Hiorr = (Hrer)kk,

Hk,tt = (Htt)kk:7 t:27"'>n_ 17

Hypp1= Hee-1)rk, t=2,...,m,
20

ek = > (Hu)wFu+ Hi)uFrin  cen =Y (Hu)uFu + My )mFio1y
1k 1k



10

18 WILLIAM J. MCCAUSLAND

Chyt = Z(Htt)letl + (Hyp—)mFr—1 + Hepr ) Fivry, t=2,...,n—1.
1k
We now turn to the specification of the measurement distribution ;|F}, ;. We need to

supply code to evaluate multiple derivatives of ¥(F;) = log f (9| Fy, x¢) with respect to Fi,
at any point Fi. Fort=1,...,T,

exp(A1Fy + Bizg) 0 - 0 ]
B 0
g|Fyx ~ N |0,
0
i 0 oo 0 exp(AnE + BNxt)_
Therefore
N 1 1
(15) (k) = Y log 2m — 3 Zl(Ao,iFt + B, ix¢) — 3 Zl 5 exp(— Ay i Fy — By ix),
1= 1=
and we compute
N N
OY(Fy) 1 1 9
(16) OF, = 5 ; Agr + ) ; Yti eXp(_Aa,iFt - Ba,z’u’ﬂt)/\z‘k,

9" (F, -1 n+1 N ~
(17) aiﬁ:‘(n ) = ( 2) Z §2 exp(—AyiFy — Byix)Al, n=1,2,...
tk i=1

Using the HESSTAN method, we need to evaluate derivatives of ¢ (F;) with respect to
Fy. many times, so it is helpful to pre-compute quantities not depending on the Fj;. For

any k, write

N N K
> G exp(—AgiFy — Bogw) = Y Ghexp |— Y AuFu — Boia | exp(—AiFi)
i=1 i=1 I=1, 14k

and then define

K
ci(k) = gpexp |— Y AaFy — B
I=1,l#k
Pre-computing the ¢;(k), for i = 1,...,N and t = 1,...,T before applying the HESSIAN

method to draw Fj ;. allows for computationally efficient code.
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Hyper-parameters Description GIR FRED-FM BofC

(h1, P2) ®,, diagonal, Beta shape (200, 200) (4,2) (200, 200)
(3, Pa) ®,, off-diagonal, Beta shape (200,200)  (20,20) (200, 200)
(5, d6) ®, diagonal, Beta shape (18,2) (10.5,1.5) (18,2)
(¢7, Ps) &, off-diagonal, Beta shape (50, 50) (50, 50) (50, 50)
(9, P10) By, Gaussian mean, std (0,0.01)  (see below) (0,0.001)
(P11, P12) B,, Gaussian mean, std (—=11,0.1) (see below) (—11,1)

$13 A, Gaussian std 0.5 2.0

D14 A, Gaussian std 0.1 0.4

TABLE 1. Prior hyper-parameter values used in Getting It Right (GIR),
FRED-MD panel and Bank of Canada panel applications.

Description E[B, ;] sd[B,;| E[B,; sd[B.;
Real production, income or consumption, Alog In10=> In10 0.002 0.002
Institute for Supply Management index %ln 10  In10 50 10
Numbers employed, A log In10~> In10 0.001 0.001
Numbers unemployed, A log In1072  In10 0.001 0.001
Housing starts and permits, Alog In1072  In10 0.001 0.001
Price index, A?log In10~® In10 0 1076
Money and Credit aggregates, A? log In10~® In10 0 1076
Nominal Interest rates and yields, A In10~" In10 0 1076
Nominal Interest rate spreads In1072 In10 1 1
Nominal and Real Exchange rates, A log In10~* In10 0 1074
Hourly Earnings, AZlog In10~® In10 0 1076
Asset price, Alog In10~* In10  0.002  0.002
Price index, materials and commodities, A?log In10~* In10 0 1076
Hours, A In10~'  In10 0 104
Miscellaneous, low error In10~* In100 0 0.001
Miscellaneous, high error In1 In 100 0 0.1

TABLE 2. Prior hyper-parameter values used in FRED-MD panel analysis

5. RESULTS

Here I report results from an artificial data exercise designed to test the algorithms used,

and two empirical applications. The first empirical application uses data from a panel of

macroeconomic indicators. The second analyses data from a panel of currency returns.

Tables 1 and 2 give numerical values for the various hyper-parameters used in the three

simulations.

5.1. Getting it right. Here I describe a simulation whose sole purpose is to test the

correctness of the posterior simulation methods. This is a purely pre-data exercise, involving
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only artificial data. The tests described here are similar to those described in Geweke
(2004). We draw a sample from the joint distribution of parameters, latent factors and
data, using the simulation methods described in Sections 3 and 4. If the posterior simulation
methods are conceptually sound and correctly implemented, then the marginal distribution
of the parameters in the sample is the same as their prior distribution. This is a testable
implication of program correctness.

I set the dimension parameters N =3, J =1, K, = K, = 2 and T' = 10. These values
are very small, to avoid excessive serial dependence in the sample and to obtain a very
large sample in reasonable time, but sufficiently large to test the correctness of our code.
The exogenous series x; is a constant: x; = 1 for t = 1,...,7T. Hyper-parameter values are
shown in Table 1. I generate a posterior sample of size of M = 4 x 10% and for analysis, I
use a subsample of size 100000 consisting of every 40’th draw.

The sample is the output of a Markov chain whose invariant distribution is the joint
distribution of parameters, latent factors and data. This Markov chain is a Gibbs sampler,
consisting of exactly the same blocks used for posterior simulation, described in Sections
3 and 4, plus an additional block, updating data y from its conditional distribution given
all parameters and both factor series. The additional block simply involves simulating data
from the model.

Table 3 shows the results for various parameters. The second, third and fourth columns
give the population and sample mean of the parameter and a numerical standard error for
the sample mean. The fifth and sixth columns give the population and sample mean of
the squared difference between the parameter and its true population mean. The seventh
column gives a numerical standard error of the latter sample mean. Numerical standard
errors are computed using the R package coda, which uses a time series method.

Sample means and variances are close to true prior means and variances, measured in
terms of numerical standard error, except for the parameters ®,x;, where the given “true”
prior means and variances are pre-truncation and the simulated values come from the trun-
cated distribution.

Tables 4 and 5 show results for the mean and variance factor series, respectively. Recall
that the marginal distribution of all factors is standard Gaussian. Each row corresponds

to a time period. The first and second columns of Table 4 give the sample mean of F}, 41
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M= E[IE] z &nse,,u Var[:v] (.T) — M)2 OA—nse,cfQ
Ayt 0.62666  6.278e¢-01 6.9e-04 1.073e-01 1.082e-01 3.4e-04
Ayt 0.00000 -1.158e-03 1.1e-03 2.500e-01 2.502e-01 7.3e-04
Ay2o 039894  3.988e-01 6.1e-04 9.085e-02 9.117e-02 3.2e-04
A3t 0.00000 -2.363e-04 1.0e-03 2.500e-01 2.493e-01 7.2e-04
A,z 0.00000 -9.767e-04 1.0e-03 2.500e-01 2.507e-01 7.2e-04
B, 11 0.00000  1.907e-04 1.1e-04 1.000e-04 9.895e-05 2.8e-07
By 21 0.00000 -5.488e-05 1.1e-04 1.000e-04 9.986e-05 2.8e-07
By 31 0.00000 -6.607e-05 1.1e-04 1.000e-04 9.832e-05 2.8e-07
b, 11 0.00000 -3.525e-04 1.0e-04 2.494e-03 2.503e-03 7.2e-06
®,12  0.00000 -6.996e-05 1.0e-04 2.494e-03 2.494e-03 7.1e-06
D), 91 0.00000 -1.279e-04 1.0e-04 2.494e-03 2.490e-03 7.1e-06
®,20  0.00000 -1.070e-04 1.0e-04 2.494e-03 2.500e-03 7.1e-06
Ayt 0.12533  1.253e-01 1.4e-04 4.292e-03 4.299e-03 1.5e-05
Aso1 0.00000 -1.073e-04 2.0e-04 1.000e-02 9.984e-03 2.8e-05
Asoo  0.07979  7.986e-02 1.2e-04 3.634e-03 3.643e-03 1.2e-05
Ay 31 0.00000 -8.351e-05 2.0e-04 1.000e-02 9.999e-03 2.8e-05
As32  0.00000  1.363e-04 2.0e-04 1.000e-02 9.969e-03 2.8e-05
Bs11 -11.00000 -1.100e+01 2.0e-04 1.000e-02 1.002e-02 2.8e-05
Bs21 -11.00000 -1.100e+01 2.0e-04 1.000e-02 9.956e-03 2.9e-05
Bs;31 -11.00000 -1.100e+01 2.0e-04 1.000e-02 1.001e-02 2.9e-05
Q511 0.80000  7.904e-01 b5.1le-04 1.714e-02 1.712e-02 8.0e-05
®,12  0.00000 -2.125e-05 1.9e-04 9.901e-03 8.829e-03 3.3e-05
P21 0.00000 -2.852e-05 1.9e-04 9.901e-03 8.828e-03 3.2e-05
D,99  0.80000  7.892e-01 5.0e-04 1.714e-02 1.717e-02 7.9e-05

TABLE 3. Sample and population means and variances in “Getting it right” experiment

and a numerical standard error for this sample mean. The third and fourth columns give
the sample mean of Fitl and a numerical standard error. The fifth through eighth columns
show the same information as the first four columns, for the second factor series, Fyo. Table
5 shows the same information as Table 4, for the variance factor series. Again, sample means
and variances are close to true prior means and variances, measured in terms of numerical

standard error.

5.2. An application to a panel of macroeconomic and financial data. Here I analyse
a panel of 134 U.S. macroeconomic and financial indicators, observed monthly from January
1959 to January 2015. The data are from the FRED-MD database described by McCracken
and Ng (2014). I transform the data as described in that paper, obtaining an unbalanced
panel with N = 134 indicators and T = 670 observation periods. I also transform the data

so that the sample mean and variance of each series are zero and one.
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Funn nse, Fyn Fitl nse, Fitl Fui2 nse, Fj o FitQ nse, Fﬁﬂ

1 0.0020 0.0012 1.000 0.0017 -0.0028 0.0017 0.999 0.0014
2 0.0025 0.0013 0.999 0.0014 0.0006 0.0013 1.000 0.0013
3 0.0025 0.0013 1.001 0.0015 -0.0008 0.0011 0.998 0.0016
4 -0.0001 0.0013 1.001 0.0019 0.0006 0.0012 1.002 0.0016
5 -0.0012 0.0017 1.000 0.0017  0.0000 0.0012 0.999 0.0013
6 -0.0006 0.0014 0.999 0.0016  0.0006 0.0010 0.997 0.0012
7 -0.0010 0.0013 0.997 0.0019 0.0007 0.0010 0.998 0.0016
8 0.0011 0.0019 0.999 0.0014 -0.0012 0.0013 1.000 0.0016
9 0.0002 0.0013 1.001 0.0019 -0.0002 0.0010 1.002 0.0020
10 0.0010 0.0011 1.001 0.0017 -0.0003 0.0009 1.000 0.0014

TABLE 4. Getting it right: moments of mean factors

Fys1 mse, Fiypn thl nse, Fgﬂ Fyi0 mse, Fyio Fg,t? nse, Fgﬂ

1 0.0024 0.0012 0.999 0.0013  0.0008 0.0010 1.000 0.0014
2 0.0028 0.0015 1.000 0.0016 -0.0003 0.0011 0.999 0.0019
3 0.0027 0.0011 1.000 0.0015 -0.0000 0.0010 1.000 0.0020
4 0.0022 0.0012 0.999 0.0011 -0.0009 0.0010 1.002 0.0014
5 0.0011 0.0012 0.998 0.0009 -0.0002 0.0010 1.001 0.0013
6 0.0014 0.0012 0.997 0.0012 -0.0005 0.0009 1.001 0.0009
7 0.0009 0.0009 1.000 0.0013 -0.0005 0.0009 1.000 0.0008
8 0.0003 0.0008 1.000 0.0015 -0.0000 0.0010 0.998 0.0014
9 -0.0009 0.0010 1.000 0.0015 0.0014 0.0009 0.999 0.0012
10 0.0007 0.0011 1.000 0.0014  0.0005 0.0009 1.000 0.0012

TABLE 5. Getting it right: moments of variance factors

Table 6 shows the posterior mean of mean factor loadings for the 40 indicators ¢ with the
largest sums Zfﬁl Af”k The sum is given in the first column of the table. Table 7 shows
the posterior mean of variance factor loadings for the 40 indicators i with the largest sums
>k Az

Table 8 shows the posterior mean, the posterior standard deviation, the numerical stan-
dard error and the relative numerical efficiency of the elements of ®,. Each of the four
panels shows a 7 x 7 array of values, corresponding elementwise to the matrix ®,. Table 9
shows the same information for the &, matrix.

Figures 2, 3, 4, 5, 6, 7 and 8 show time series plots pertaining to the mean factors 1
through 7. The upper panel of these figures shows the posterior mean as a function of ¢.

The lower panel shows the posterior standard deviation and the numerical standard error

for the mean. Figures 9 and 10 show time series plots for the two variance factors. Again,
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the upper panel shows the posterior mean and the lower panel shows the posterior standard

deviation and the numerical standard error for the mean.

var Ly Luys2 Luis Ly Lugs Luge Lyt
S and P 500 0.011 0.002 0.004 0.002 0.014 0.010 0.000 0.956
S and P: indust 0.011 0.003 0.003 0.005 0.008 0.010 0.000 0.960
NAPM 0.016 0.478 0.001 0.000 0.009 0.493 0.001 0.002
IPFPNSS 0.019 0.355 0.002 0.000 0.003 0.010 0.612 0.000
AAAFFM 0.021 0.002 0.976 0.000 0.000 0.001 0.000 0.000
TB6MS 0.025 0.037 0.008 0.000 0.923 0.006 0.000 0.000
PAYEMS 0.027 0.923 0.008 0.001 0.000 0.031 0.009 0.000
GS1 0.028 0.032 0.006 0.001 0.933 0.001 0.000 0.000
T1I0YFFM 0.031 0.005 0.961 0.000 0.002 0.002 0.000 0.000
BAAFFM 0.033 0.017 0.950 0.000 0.000 0.000 0.000 0.000
IPFINAL 0.033 0.276 0.001 0.001 0.002 0.008 0.679 0.000
CUSRO000SAC 0.082 0.000 0.000 0.918 0.000 0.000 0.000 0.000
TS5YFFM 0.088 0.008 0.897 0.000 0.006 0.001 0.000 0.000
INDPRO 0.095 0.446 0.008 0.000 0.006 0.002 0.443 0.000
DNDGRG3MO86SBEA 0.097 0.000 0.000 0.902 0.000 0.000 0.000 0.000
TB3MS 0.098 0.037 0.012 0.000 0.838 0.013 0.000 0.002
CUSRO000SAOL5 0.100 0.000 0.000 0.899 0.000 0.000 0.000 0.000
CPIAUCSL 0.100 0.000 0.001 0.898 0.000 0.001 0.000 0.000
NAPMPI 0.110 0.432 0.042 0.000 0.012 0.394 0.003 0.007
S and P div yield 0.111 0.000 0.009 0.001 0.026 0.015 0.000 0.839
SRVPRD 0.114 0.763 0.022 0.002 0.001 0.076 0.021 0.000
IPMANSICS 0.126 0.458 0.010 0.000 0.005 0.005 0.395 0.000
NAPMNOI 0.137 0.405 0.061 0.001 0.019 0.357 0.009 0.012
IPCONGD 0.138 0.145 0.006 0.000 0.003 0.024 0.685 0.000
CPIULFSL 0.142 0.000 0.000 0.857 0.000 0.000 0.000 0.001
CP3M 0.142 0.057 0.016 0.001 0.769 0.013 0.000 0.002
USGOOD 0.167 0.833 0.000 0.000 0.000 0.000 0.000 0.000
CAPUTLB00004S 0.168 0.361 0.053 0.000 0.008 0.000 0.411 0.000
NAPMEI 0.172 0.423 0.004 0.000 0.007 0.395 0.000 0.000
S and P PE ratio 0.193 0.000 0.016 0.000 0.014 0.020 0.000 0.757
CPITRNSL 0.198 0.000 0.000 0.801 0.000 0.000 0.000 0.000
MANEMP 0.206 0.767 0.001 0.000 0.000 0.020 0.005 0.000
PCEPI 0.215 0.000 0.000 0.783 0.000 0.001 0.000 0.000
GS5 0.219 0.021 0.007 0.005 0.748 0.000 0.000 0.000
DMANEMP 0.236 0.725 0.002 0.001 0.001 0.030 0.006 0.000
USTPU 0.249 0.695 0.011 0.003 0.000 0.013 0.028 0.000
CUURO000SAOL2 0.294 0.000 0.000 0.706 0.000 0.000 0.000 0.000
NAPMSDI 0.318 0.186 0.012 0.000 0.007 0.474 0.000 0.003
GS10 0.342 0.017 0.008 0.008 0.625 0.000 0.000 0.000
IPBUSEQ 0.349 0.345 0.001 0.003 0.000 0.002 0.299 0.001

TABLE 6. FRED panel, posterior mean of mean factor loadings for indicators

with large mean factor loadings
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var  Lsi1 Loao
EXUSUK 2.490 -0.421 1.521
EXSzZUS 2.397 -0.330 1.513
EXJPUS 2.186 -0.471 1.401
TB6MS 1.831 1.325 0.274
PAYEMS 1.824 1.337 -0.188
S and P PE ratio 1.498 -0.149 1.215
COMPAPFF 1.301 1.141 0.000
CP3M 1.264 1.042 0.422
FEDFUNDS 1.251 1.103 0.187
THYFFM 1.226 -0.171 1.094
S and P 500 1.165 -0.075 1.077
CUSRO000SAOL5 1.126 0.913 -0.541
TB3MS 1.099 0.964 0.413
SRVPRD 1.085 1.035 -0.116
T1I0YFFM 1.076 -0.048 1.036
CPIULFSL 1.070 0.872 -0.556
TB6SMFFM 0.996 0.991 0.121
TB3SMFFM 0.935 0.962 0.093
S and P div yield 0.884 0.181 0.923
CPIAUCSL 0.863 0.871 -0.322
AMBSL 0.839 -0.200 0.894
INDPRO 0.786 0.882 0.089
RPI 0.766 0.446 0.753
CUSRO000SAS 0.757 0.815 -0.304
NAPMSDI 0.750 0.856 -0.131
IPMAT 0.732 0.855 -0.014
DMANEMP 0.728 0.853 -0.009
WS875RX1 0.715 0.217 0.817
AAAFFM 0.675 0.791 -0.222
MZMSL 0.653 0.310 0.747
IPDMAT 0.647 0.797 -0.105
USCONS 0.641 0.758 -0.260
GS10 0.636 -0.018 0.797
DTCOLNVHFNM 0.629 -0.362 0.706
T1YFFM 0.616 0.716 0.320
CES2000000008 0.599 0.731 -0.255
BAA 0.583 -0.024 0.763
S and P: indust 0.578 -0.297 0.700
USGOOD 0.576 0.751 0.113
BAAFFM 0.575 0.723 -0.230
TABLE 7. FRED panel, posterior mean of variance factor loadings for indi-
cators with large variance factor loadings
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1 2 3 4 5 6 7
0.765 0.054 0.040 0.064 0.127 -0.016 0.067
-0.059 0.967 0.013 -0.092 -0.022 -0.004 -0.022
-0.014 0.006 -0.214 0.011 0.001 0.001 0.146
0.025 0.085 0.115 0.333 -0.067 -0.043 0.142
0.262 0.036 -0.016 0.066 0.714 0.104 0.008
-0.093 0.020 0.002 0.070 0.027 -0.121 -0.007
-0.007 0.029 -0.080 -0.108 -0.055 -0.021 0.219
0.026 0.018 0.033 0.028 0.028 0.032 0.026
0.017 0.004 0.015 0.014 0.014 0.014 0.012
0.033 0.015 0.043 0.041 0.045 0.043 0.036
0.028 0.014 0.039 0.039 0.040 0.041 0.034
0.027 0.019 0.046 0.040 0.042 0.038 0.031
0.030 0.015 0.042 0.040 0.040 0.045 0.038
0.025 0.011 0.038 0.035 0.031 0.038 0.034
0.001 0.001 0.001 0.001 0.001 0.001 0.001
0.002 0.000 0.000 0.001 0.001 0.000 0.001
0.001 0.000 0.001 0.001 0.001 0.001 0.001
0.001 0.001 0.001 0.001 0.002 0.001 0.001
0.001 0.002 0.001 0.002 0.002 0.001 0.001
0.001 0.001 0.001 0.001 0.001 0.001 0.001
0.001 0.000 0.001 0.001 0.001 0.001 0.001
0.179 0.070 0.461 0.766 0.377 0.534 0.816
0.064 0.128 0.631 0.259 0.120 0.993 0.262
0.554 0.572 0.972 0.504 0.524 0.888 0.671
0.412 0.309 0.859 0.699 0.358 0.812 0.657
0.292 0.070 0.715 0.272 0.190 0.411 0.455
0.709 0.250 0.879 0.703 0.438 0.728 0.503
0.750 0.686 0.655 0.591 0.737 0.491 0.778
TABLE 8. FRED panel, posterior mean and standard deviation, numerical
standard error and relative numerical efficiency of ®,,, elementwise

,_..

5.3. An application to daily exchange rates. This section provides an analysis of a
panel of daily log returns of 10 currencies relative to the US dollar: the Australian Dollar
(AUD), Brazilian Real (BRL), Euro (EUR), Japanese Yen (JPY), Mexican Peso (MXN),
New Zealand Dollar (NZD), Singapore Dollar (SGD), Swiss Franc (CHF), British Pound
(GBP), and Canadian Dollar (CAD). The sample covers the period from July 8, 2005 to
July 8, 2015 We use noon spot rates of the 10 currencies and the US dollar, denominated
in Canadian dollars, obtained from the Bank of Canada. We compute the log returns of
the exchange rates and remove returns for those days when one or more of the markets was

closed, giving 2505 observations for each return series.
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i/j 1 2
1 0.785 -0.063
2 -0.067 0.832
1 0.019 0.019
2 0018 0.018
1 0.001 0.001
2 0.001 0.001
1 0306 0.266

2 0371 0.162
TABLE 9. FRED panel, posterior mean and standard deviation, numerical
standard error and relative numerical efficiency of ®,, elementwise

Ficure 2. FRED panel, mean factor 1. Upper panel: posterior mean of
F, 11, against t; Lower panel: posterior standard deviation of F), ;1 and nu-
merical standard error for the posterior mean
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Table 10 shows some summary statistics for the ten currency series. Table 11 show the

sample correlations among them.
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Ficure 3. FRED panel, mean factor 2. Upper panel: posterior mean of
F, 12, against t; Lower panel: posterior standard deviation of F), ;o and nu-
merical standard error for the posterior mean
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Mean SD log variance squared return autocorrelation

AUD 1.91e-06 9.11e-03 -9.40 0.27
BRL -1.24e-04 1.02e-02 -9.16 0.40
EUR -2.99¢-05 6.36e-03 -10.12 0.05
JPY -2.88e¢-05 6.62¢-03 -10.03 0.10
MXN -1.54e-04 7.16e-03 -9.88 0.54
NZD 1.14e-06 9.22¢-03 -9.37 0.12
SGD 9.20e-05 3.57e-03 -11.27 0.11
CHF 1.28e-04 7.52¢-03 -9.78 0.13
GBP -4.90e-05 6.16e-03 -10.18 0.12
CAD -1.65e-05 6.38e-03 -10.11 0.13

TABLE 10. Summary statistics for Bank of Canada currency panel
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FiGUrRE 4. FRED panel, mean factor 3. Upper panel: posterior mean of
F, 13, against t; Lower panel: posterior standard deviation of F), ;3 and nu-
merical standard error for the posterior mean
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AUD BRL EUR JPY MXN NZD SGD CHF GBP CAD

AUD 1.00 0.59 0.60 -0.07 0.60 0.84 0.65 037 0.59 0.68
BRL 059 1.00 0.39 -0.15 0.66 0.50 046 0.19 0.38 0.50
EUR 060 0.39 1.00 021 039 059 065 0.70 0.66 0.53
JPY -0.07v -0.15 021 1.00 -0.16 -0.04 0.18 0.36 0.07 -0.08
MXN 060 066 039 -0.16 1.00 0.52 050 0.19 0.39 0.53
NZD 084 050 0.59 -0.04 052 1.00 061 0.38 0.58 0.62
SGD 0.65 046 0.65 0.18 050 0.61 1.00 0.47 0.53 0.55
CHF 037 0.19 0.70 036 0.19 0.38 047 1.00 045 0.32
GBP 059 038 066 0.07 039 058 053 045 1.00 0.52
CAD 0.68 0.50 0.53 -0.08 0.53 0.62 0.55 032 052 1.00

TABLE 11. Sample correlation matrix for Bank of Canada currency panel
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FiGure 5. FRED panel, mean factor 4. Upper panel: posterior mean of
F, 14, against t; Lower panel: posterior standard deviation of F), ;4 and nu-
merical standard error for the posterior mean
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I simulate the posterior distribution for a model with K, = 2 mean factors and K, = 2
variance factors. I draw a posterior sample of size 20100, drop the first 100 draws and keep
every 10th draw, for a sample of 2000 retained draws.

Tables 12 through 15 show simulation consistent approximations of the posterior mean
and standard deviation of various parameter values. They also report numerical standard
errors for the posterior mean, which measure simulation noise associated with the reported
approximation of the posterior mean. We use the R package coda to compute numerical
standard errors, which uses a time series method.

Figures 11 and 12 plot approximations of the posterior mean and standard deviation of

the mean factors F), ;1 and F), ;2 as a function of the observation time ¢. They also show
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Ficure 6. FRED panel, mean factor 5. Upper panel: posterior mean of
F, t5, against t; Lower panel: posterior standard deviation of F), ;5 and nu-
merical standard error for the posterior mean
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the numerical standard error of the posterior mean approximation. Figures 13 and 14 do
the same for the variance factors F, ;1 and Fy ;. Bank of Canada

Not surprising for returns data, the mean factors have low persistence (and therefore
low predictability), although the diagonal autoregressive coefficient for the second mean
factor is greater than zero with very high posterior probability: its posterior mean, 0.061,
while close to zero, is nearly three posterior standard deviations from zero. The factors
are identified by the exclusion restriction that the factor loading of the Furo on the second
factor is zero. The Euro and the Swiss Franc have particularly high factor loadings on the

first factor, and the Mexican Peso and the Brazilian Real have the lowest loadings on this
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Ficure 7. FRED panel, mean factor 6. Upper panel: posterior mean of
F, 16, against t; Lower panel: posterior standard deviation of F), ;s and nu-
merical standard error for the posterior mean
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factor. On the second factor, the Australian and New Zealand dollars and the Real have
the highest loadings and the Yen has the lowest.

The variance factors are much more persistent, with the second factor being much more
persistent than the first. The Australian dollar and Swiss Franc have high loadings on the
first variance factor; the Real and Singapore dollar have low loadings. On the second, highly
persistent factor, the Real, Singapore dollar and Peso have high loadings and the Pound
Sterling and Canadian dollar have low loadings.

The constant terms B, ; in the volatility have posterior means that are much lower than
the corresponding log sample variances in Table 10. This is an indication that the factors

are capturing much of the variation in returns.
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Ficure 8. FRED panel, mean factor 7. Upper panel: posterior mean of
F, t7, against t; Lower panel: posterior standard deviation of F), ;7 and nu-
merical standard error for the posterior mean
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6. CONCLUSIONS

I have provided posterior simulation methods for a factor model with both mean and
variance factors. These methods are particularly well suited to data-rich environments,
where N is large, because they use block band matrix operations, rather than the Kalman
filter, to draw factors, and to integrate them out. The Kalman filter requires solving 7T’
systems of N equations; the block band matrix operations involve solving T' systems of K
equations, where K is the number of factors.

Adding variance factors helps account for the changing volatility of macroeconomic and
financial variables, such as seen before, during and after the Great Moderation. In data-

rich environments, the dimension reduction achieved using mean factor models has proved
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Ficure 9. FRED panel, variance factor 1. Upper panel: posterior mean
of Fy 41, against ¢; Lower panel: posterior standard deviation of Fy ;1 and
numerical standard error for the posterior mean
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extremely useful. It is natural to do the same thing for variances using a variance factor
model, using a small number of factors to account for common variation in idiosyncratic
variances across many different series.

My methods do not require variance factors to be a prioriindependent. In the application
using the FRED macroeconomic panel, I find strong evidence against the independence
of the variance factors; off diagonal elements of the first order autocorrelation matrix of
variance factors are positive with very high posterior probability.

Computation for the mean and variance factor models are easily decoupled using Gibbs
sampling. In the mean factor model, factors and observed values are jointly Gaussian, with a

block band precision matrix, and so block band matrix techniques can be applied fairly easily
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Ficure 10. FRED panel, variance factor 2. Upper panel: posterior mean
of Fy 12, against ¢; Lower panel: posterior standard deviation of Fy ;2 and
numerical standard error for the posterior mean
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to update the mean factors F),. I also use these techniques to integrate out F), analytically,
and draw the VAR coefficient matrix ®, from its conditional posterior distribution given all
unknowns except F,,. While this distribution is not a known distribution, generic methods
such as random walk Metropolis or slice sampling are computationally cheap to apply

5 multiple times, with the marginal cost of additional iterations not depending on N. All
this allows us to perform joint draws of ®, and F), from their joint conditional posterior
distribution that are computationally efficient in two ways: computations are linear in N,
and the dependence between the old (®,, F),) state and the updated state (&}, F},) is weak.
The variance factor model has Gaussian factors, but a non-linear and non-Gaussian mea-

10 surement equation of high dimension. However, while the conditional posterior distribution
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E[Au,il Y] U[Awl Y] Onse,il E[Aw? Y] U[Aw? |y] Onse,i2
AUD  7.25e-03 1.41e-04 2.96e-06 0.00e+00 0.00e+00 0.00e400
BRL  4.91e-03 1.77e-04 3.39e-06 -2.23e-03  1.89e-04  4.79e-06
EUR  3.92e-03 1.19e-04 2.77e-06  2.49e-03  1.59e-04  6.60e-06
JPY  8.35e-04 1.40e-04 2.45e-06 3.07e-03 1.38e-04 2.42e-06
MXN  3.84e-03 1.27e-04 2.57e-06 -1.88¢-03 1.39¢-04 3.33e-06
NZD 7.21e-03 1.61le-04 3.03e-06  6.43e-05 1.19e-04 1.98e-06
SGD  2.57e-03 6.61e-05 1.36e-06  3.08e-04 5.91e-05 1.41e-06
CHF  3.58e-03 1.29e-04 2.96e-06  3.53e-03 1.56e-04 6.61e-06
GBP  3.53e-03 1.16e-04 2.26e-06  1.40e-03 1.22e-04 3.65e-06
CAD  4.08¢-03 1.16e-04 2.22e-06 -6.70e-04 1.12e-04 2.81e-06
TABLE 12. Bank of Canada currency panel, posterior moments of mean
factor loadings. The table shows the posterior mean, posterior standard
deviation, and the numerical standard error for the mean, for loading on the
first (A,1) and second (A, ;2) mean factors.

EAsily] olAitly] Onseit E[Ai2ly] o[Asi2ly]  Onseiz

AUD 1.090 0.083 0.0033 0.218 0.070 0.0014
BRL 0.733 0.040 0.0008 -0.217 0.038 0.0007
EUR 0.805 0.053 0.0010 0.714 0.052 0.0012
JPY 0.548 0.039 0.0008 0.362 0.033 0.0006
MXN 0.829 0.049 0.0010 -0.282 0.045 0.0008
NZD 0.476 0.037 0.0007 0.242 0.034 0.0005
SGD 0.598 0.038 0.0008 0.104 0.034 0.0006
CHF 1.107 0.072 0.0016 1.245 0.077 0.0022
GBP 0.687 0.038 0.0008 0.000 0.000 0.0000
CAD 0.569 0.037 0.0007 -0.166 0.032 0.0006

TABLE 13. Bank of Canada currency panel, posterior moments of variance
factor loadings. The table shows the posterior mean, posterior standard
deviation, and the numerical standard error for the mean, for loading on the
first (Ay,i1) and second (A4 2) variance factors.

of factors is not Gaussian, the log density does have a Hessian matrix that is block band
diagonal. We update jointly the k’th factor series Fj ;. and the k’th row of ®, from its
conditional posterior distribution using the HESSIAN method of McCausland (2012). The
HESSIAN method has several advantages. Unlike auxiliary mixture model approaches, the
method is generic, not model specific, and there are no mixture approximations of trans-
formed distributions. The HESSTAN method approximation is close enough that entire
latent state sequences can be jointly and efficiently sampled together with their associated

parameters.
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ElBuily] oBuilyl  nsen ElBoilyl 0[Boily] Onseo

AUD 4.91e-05 1.45e-04 3.42e-06 -12.13 0.17 0.008
BRL 3.19e-05 1.61e-04 3.24e-06 -10.22 0.06 0.002
EUR -8.76e-06 1.10e-04 2.83e-06 -12.50 0.09 0.003
JPY -1.17e-04 1.11e-04 1.99e-06 -10.55 0.05 0.002
MXN -9.76e-05 1.17e-04 2.29e-06 -11.22 0.09 0.003
NZD 5.07e-05 1.60e-04 3.70e-06 -10.75 0.05 0.002
SGD  8.69e-05 6.38e-05 1.53e-06 -12.37 0.05 0.002
CHEF  9.12e-06 1.17e-04 3.14e-06 -12.58 0.12 0.005
GBP 3.78e-05 1.03e-04 2.47e-06 -11.13 0.06 0.002
CAD -3.56e-05 1.08e-04 2.23e-06 -11.10 0.05 0.002

TABLE 14. Bank of Canada currency panel, posterior moments of mean and
variance constants. The table shows the posterior mean, posterior standard
deviation, and the numerical standard error for the mean constant (B, 1)
and variance constant (By.1).

E[®yly] o[Pi]y] Onse
D, 11 0.004 0.021 0.0003
D12 -0.056 0.024 0.0004
D01 -0.029 0.024 0.0004
D, 00 0.007 0.025 0.0004
Ds11 0.852 0.017 0.0005
Ds12 0.143 0.019 0.0004
D, 01 0.129 0.019 0.0004
Dy 99 0.201 0.018 0.0003
TABLE 15. Bank of Canada currency panel, posterior moments of mean and
variance autoregressive coefficients. The table shows the posterior mean,
posterior standard deviation, and the numerical standard error for the mean
factor autoregressive coefficients (®, ;) and variance factor autoregressive
coefficients (P k).

I have used the “Getting it Right” procedure of Geweke (2004) to demonstrate the con-
ceptual soundness and correct implementation of my posterior simulation methods. I have
applied the methods to a foreign exchange panel of ten currencies and 2503 daily observa-
tions, and a macroeconomic panel of 134 indicators and 670 monthly observations.

Several extensions of the methods described here to more flexible models are possible.
Many features could be added to the mean factor model to better complement the variance
factor model. We have seen that the Gibbs sampling approach decouples the computational
aspects associated with the mean and variance factor models, so it would be relatively easy
to slot in alternative mean factor models. Promising extensions include factors with time-

varying variance, factors that are higher order vector autoregressions, factor loadings with
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FiGure 11. Bank of Canada currency panel, mean factor 1. Upper panel:
posterior mean of F}, ;1, against ¢; Lower panel: posterior standard deviation
of F}, 41 and numerical standard error for the posterior mean
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parsimonious structure or hierarchical factors, and factor loadings on lagged factors. It

would also be possible to model mean and variance factors as a joint vector autoregression.

APPENDIX A. MISSING DATA, FACTOR FOUNDERS AND INITIAL VALUES

A.1. Missing data. In many applications, including the macro panel application described
below, one does not observe all the series in exactly the same periods. Fortunately it is
straightforward to accommodate unbalanced panels; the y; are conditionally independent
given unknown factors and parameters, and so we can simply delete likelihood factors for
missing data. The sums in (6), (7), (8), (9) should run for all ¢ in which y;; is observed.
The sums in (15), (16), (17) should run for all ¢ for which y; is observed in period t¢.
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FiGUrE 12. Bank of Canada currency panel, mean factor 2. Upper panel:
posterior mean of F}, ;2, against ¢; Lower panel: posterior standard deviation
of F}, 42 and numerical standard error for the posterior mean
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A.2. Selection of factor founders. I selected factor founders by trial and error with the
objective that factors would resemble the static factors obtained in a principal components
analysis. I selected the mean factor founders in order; I chose the i’th mean factor founder
by choosing the index k, among the series not already chosen as mean factor founders,
minimizing ( ]K:“i oL i)/ | Ll 15 where L is the static loading matrix obtained in a principal
components analysis. I selected the two variance factor founders by unsystematic trial and

error.

A.3. Initial values. To avoid slow convergence of the distribution of MCMC draws to the

posterior target distribution, I choose initial values in the following way.
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FiGure 13. Bank of Canada currency panel, variance factor 1. Upper panel:
posterior mean of Fj; ;1, against ¢; Lower panel: posterior standard deviation
of F, 1 and numerical standard error for the posterior mean
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For B, I use Ordinary Least Squares (OLS) to compute each row B, ;, i = 1,..., N,

then compute Y, the matrix of OLS residuals, organized as a T x N matrix:

T
T T Y
B, ;= < E Ty ) E TtYti, Yii = yti — Buivy.
=1 =1

Then I compute the sample variance of each residual series and construct the N x N diagonal
matrix D whose diagonal elements are these sample variances. Thus the N columns of
D~1/2Y each have zero sample mean and unit sample variance.
For A, and F),, I first compute the usual “thin” version of the singular value decompo-
sition of D~1/2Y":
DYy =yUsvT,
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F1GURE 14. Bank of Canada currency panel, variance factor 2. Upper panel:
posterior mean of Fj; ;2, against ¢; Lower panel: posterior standard deviation
of F, 2 and numerical standard error for the posterior mean
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where U is T' x N and has orthogonal columns; S is N x N and diagonal; and V is N x N
and orthogonal. The singular values on the diagonal of S are arranged in decreasing order.

Partition

S Si2 Vit Vio
U:[Un U12}7 S = , V= ;
So1 S22 Vor Voo
where Uyy is T' x K, and S11 and Vqp are K, X K,. Setting Ui = 0, S22 = 0, V12 = 0 and

Voo = 0 gives the approximation

(18) Y/ ~ U12511
Vo1
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Next, I compute the QR decomposition of SH[VEVQ—H, which will allow us to rotate
S11[V4] V5] so that it becomes right triangular. The decomposition is
T
Viu

S11 =QR,
Va1

where Q is K, X K,, and orthogonal and R is K, x N and right triangular. Then write the

approximation in (18) as
Y ~ U12QR = (TY?U15Q) - (T7'/?R).

The initial values of F}, and A, are F), = T1/2 vec((Ung)T), and A, = T-12RT.

I set ®, to the first order sample autocovariance of the initial value of F},:

T
1 T
P, = T ?:2 LT e

Since the initial value of F MT F), equals Ik, by construction, the sample autocovariance is
also the sample autocorrelation.

For B,, I first compute the 7' x N residual matrix E =Y — Uj2QR. Then I set Bsi1 =
In % Zthl Efi, 1 =1,...,N. Note that in the empirical applications of this paper, there is
only an intercept and B, is a column vector.

For A,, F,, I first compute the smoothed squared residual series o7 defined by the

following GARCH(1,1)—see Bollerslev (1986)—smoothing of squared residuals E2:
o1; = exp(Bi), ou =w+abj + fo_1,

with @« = 0.2, 8 = 0.6, w = exp(B;1)(1 — a — B). Then I construct the 7" x N matrix
[lnoZ — Inexp(B;1)] and compute the initial factor matrix F, and initial factor loading
matrix A, using the same procedure used to compute initial values of F,, and A, above:
[InoZ — Inexp(Bi)], K, F, and A, replace Y, K, F, and A,,.

I set @, to the first order sample autocorrelation of the initial value of Fy:

T
1
o, = T tZQ FUVtF;tfl.
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APPENDIX B. DETAILS ON DRAWING ®, AND F),

Define the stacked mean factor vector F,, = (F,]

PRTEEE ’FAIT)T and the stacked measure-

ment equation shocks € = (e] , ..., e;)T.
Since the variance of F,; is I and the variance of the mean factor innovation u; is I —® M(I)E,

5 I can write ®F, ~ N(0,9Q), where

I—®,d"
and = B

KA
Il
|
A

=

I-9,0,

Therefore F,|® ~ N(0,®71Q®~T).
Now define §; = ys — Bxy = A, F; + ¢ and let § = (4] ,...,9;). The variance of § is
diag(ay , ... ,a;)T, which I denote D.
Since F), and ¢ are jointly Gaussian, and since
F, I o| |F,

i AT €
10 where A = It ® A, I can write the variance of the joint Gaussian distribution as

F, I of |27'Q@"" o [I AT
Var Ay, @, | =
g AT 0 D0 I

WJIM: next equation for my benefit, hide from paper

F, 10T > 10P TAT
Var Ay, @, | =
7 AP 1QP T AP 'Q® TAT+D

The precision matrix for the same distribution is the block band matrix

-1
F, I -AT| |@TQ '@ 0 I 0
(19) H = Var Ay, @, =

i 0 I 0 D' |-A T

2 Q'@+ A'D'A —ATD! Hpp Hpy

—~D7 A D! H,» H,,
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where the last equation defines the partition blocks Hrr, Hp,, Hyr and Hy,.
Then the conditional mean and variance of § given A, and ®, are, respectively, zero and

(Hy, - H,pH, L Hp,)"'. We can write

1 H|/? 1. _ 3
H exXp _*yT(Hyy_HyFHF}VHFy)y )

AL, @) = 2m)NT/2 | Hpp|1/? 2

where T use the result [H,, — H,sH . Hp,| = [H|/|Hpr|, which follows directly from
Proposition 2.30 of in Dhrymes (2000).
We can also use standard formulas for conditional Gaussian distributions to derive the

conditional distribution of F), given ®:
g, Ay @ ~ N(—=HppHpy g, Hpp).

In the rest of this appendix, I discuss some implementation details that make computations

particularly efficient.

B.1. Computing log f(§|A,, ®,). For our purposes—evaluating the Hastings ratio, equa-
tion (10)—we only need to evaluate log f(y|Ay, ®,) up to an additive term not depending

on ®,. We can write
N 1 _ N
log f(§|A, @) = k + 3 [log [H| — log [Hpr| — [|LypHrygl|]

where k does not depend on ®,, and Lpp is the lower Cholesky factor of Hpp. Appendix
D describes how to compute Ly efficiently. The quantities —ATD~! and ATDTA are
products of block band matrices and can be computed and stored efficiently using well
known block band matrix operations and representations. See for example, Golub and Van
Loan (1996), Sections 1.3, 4.3, 4.5. Furthermore, they do not depend on ®,,, so they can be
precomputed and used for multiple evaluations of log f(g|A,, ®,) at different values of ®,,.

The determinants are easily and cheaply computed. From the representation of H in (19)

as a product of three matrices, it is easy to see that
T N
_ _ Ti—(T— _
H| = QDI =T &, " T D[] os”
t=1i=1

Now |H FF|1/ 2 = |Lpp| and since Lgp is lower triangular, its determinant is simply the

product of its diagonal elements.
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Using the precomputed Hg,y, the vector L;}p [H 3] is efficiently computed using block

band forward substitution, as described in Appendix D.

B.2. Drawing F,|A,, ®,,7. To draw F,|A,, ®,,7, draw a K, T x 1 vector u ~ N(0,1)
and compute F,, = —L;;(L;}?prg + u). The mean of the result is —HI};HFyg] and the
variance is L};L}}; = HE};, as required. Note that the vector LE}Jprgj is also part of
the computation of log f(7|®), and so its value will be available whenever we need to draw
F,,. Premultiplication by L;; is efficiently performed by block band backward substitution,
also described in Appendix D.

APPENDIX C. DETAILS ON DRAWING &

This appendix gives details on how I draw ®, and ®, from their conditional posterior
distributions. The description below applies equally well for (®, F') = (®,, F,,) and (®, F') =
(P, F,), and so I omit the subscript.

We can write the conditional density of F' given & as

‘I (I)(I)T‘ (T-1)/2 1
) = e =

T
P +) (F-®F4) (I-2®") ' (F,— ®F, 1)
t=2

Then the log conditional posterior density of ® can be expressed as

1 1
Inf(®|F) =k +1In f(®) — 1nyI—<I><I>Ty—2tr[I dOT)" ZFtFt

T-1 T—1
1
(20) ttr|[(I-2@") 0> F K| - S tr oT(r-o2") "'oY FFT
t=2 t=1

where k does not depend on ®. The sufficient statistics Zthg FE,, ZtT:_Ql Fy_1F," and
ZtT:_ll FtFtT are computed once. Each new proposal of ® requires evaluating the log density
in (20) at that value, a computation that does not depend on N or T

As I do when I update ® with F integrated out, I use a sequence of random walk
Metropolis steps. I update each column ®;, multiple times, using a proposal ®; ~ N(®y, Q).
Here, the proposal ®* is accepted with probability

f(‘P*IF)]
f(@[F) |

min [
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Let &, be the k’th column of ® and &_;, = & — &,,. Thus &_; is ® with its k’th column
set to zero. Let ¥_p = I — ®_;®", and note that ¥ = (I — ®@") = ©_; — &, ®/. Now

write the period ¢ innovation to the factor as
Fr—®F 1 =F—® yF 41— (I)k:Ft—l,k = U — Ft—l,k‘l)m
where vy = F; — ®_;F;_1. By the matrix determinant lemma,
] =[Sk — Op®f | = (1 - O 57, 0p) [T 4.
5 This allows us to write the determinant term of (20) as

T-1 T-1
———In|g = -

(1 — ;ST @k) + |y ]

The gradient and Hessian of this term are

) T-1 »ole
o [— 1n|z|] (1) kP
o] 2 11— 2" 1o,
92 T-1 ¥ PV IR BB M
_ {— mz@ —(T—1) = Lt NP
0,00] 2 1-o/>"lo,  (1-0/%"la,)?

Now I compute the gradient and Hessian of the sum-of-squares term. By the Woodbury

matrix identity,

(B — 0@ ) =2 Y0 (1B ST 0 R N
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Then each quadratic term can be written
(F, — ®F,_1) " Y(F, — ®F,_)

= (v — Fyo1191) " (g — O @) (v — Fro11Pp)

TR X IR 2D YoM

oY 1d,)?
= v X ju + — +FEy o v e, + M;kil)
1— @210y 1— @510
D IREX IR A Sty
—OF, . |® Ny, 4 Tk TR Tk
LTRSS T T gTs Ly,
Tyl Ty—1 Ty—1
D - 2 5 . 3
S TR -0 n e, 1— &/ %10,
_ (v 27 0p)? 1 YLy,
= ’UtTZ_]lfUt + t—r—,l thl,k T aTw—1a 1] — 2Ft71,k%
1— &% 10 1— &% 0y 1— &% 0y

Ty—1 2
v, N DL — Fi_
_ ( t ~_k i _1t 1’k) + terms not depending on ®g.
1—@,{) E_kq)k

Now write the full sum-of-squares term as

1-@/%7, d 2 1-@]37,8,

I (0] BT — Fio1g)? 18] Ay — 2070+ c
iy _1
t=2

— 1T Ty—1 3T — 7T Ty—1 T 52
where A=X7, >0 ouv, B3, 00 =30, o Froqpv, X, and e =30, o FY g

T T T T T T
Y ww =Y RE %) FF - (Z FHFJ> o'+, (Z FHFL) o7,
t=2 t=2 t=2 t=2

t=2

T T T
Z thl,kvt—r = Z thl,kFtT - (Z Ftl,k:Ft—£1> q)jk
t=2 t=2

t=2

T T
> st - (et
t=2 t=2

Its gradient and Hessian are

kk

d (U;E:;ﬁ‘pk — Fp1p)?

9 1
5T |32 5
00, | 24 1-0 N7, Py

Ady, — b (D ADy — 20T By, + €)X, Py,
1-@]%7 @ (1 -0 57, 0)2 '
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o2 1< (0 221Dy — Fyoq )2 A

80,00 | 2 ; 1- 021, YR

(®] Ady, — 20T &y + )27}
(1-0/%7, 0f)2
(ADy — D) S, + X7, O (ADp — )T
(1 -0/ N 0)2
4(<1>gAc1>k — 2670 + )X 0D DL
(1- @271 d;)3 '

-2

APPENDIX D. CHOLESKY DECOMPOSITION, FORWARD AND BACKWARD SUBSTITUTION

FOR BLOCK TRIDIAGONAL SYSTEMS

Let H be a symmetric positive definite tridiagonal block band matrix with T x T blocks,
each block of dimension K x K. Denote by H; the K x K block at position s,t. Tridiagonal
5 refers to the block structure here; it means that Hg = 0 for |t — s < 1.
Because of the tridiagonal block band structure of H, its lower Cholesky factor L is a
lower triangular block band matrix, with lower block bandwidth equal to one. Thus, Lg; = 0
except for s=t and s =¢ — 1.

We can compute L using Ly; = chol(Hy;) and for t =2,...,T,
Lyt = Ht,t—lLt__—E,t_p L = chol(Hy — Lt,t—lLthl)v

10 where chol(A) refers to the lower Cholesky factor of any positive definite matrix A.
We can use forward substitution to compute = L1y, for any KT x 1 vectors = and ¥.

Denoting by z; the t'th K x 1 subvector of z and similarly for y,
1 =Ly, =L (g — Leg12i-1).

Likewise, we can use backward substitution to compute z = L™ "z, for any KT x 1 vectors

z and z:

-7 -7 T
zr =Lpper 2z =Ly (2 — Ly p2e41)-
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